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Abstract 

The relativistic Boltzmann equation for a constant differential cross sec- 
tion and with periodic boundary conditions is considered. The speed of light 
appears as a parameter Oco for a properly large and positive Co. A local 
existence and uniqueness theorem is proved in an interval of time independent 
of c> Co and conditions are given such that in the limit c — > +00 the solutions 
converge, in a suitable norm, to the solutions of the non-relativistic Boltzmann 
equation for hard spheres. 

1 Introduction 

The purpose of this paper is to show that solutions of the relativistic Boltzmann 
equation are well-approximated by solutions of the classical (non-relativistic) Boltz- 
mann equation. A more precise statement will be given later in the introduction. 
The relativistic Boltzmann equation can be written in the form 

d t f+p-V X f = Qrd(f,f), (IT) 

where the various symbols have the following meaning. / = f(t,x,p) is the distri- 
bution function in phase-space of a single non-degenerate relativistic gas. p = cp/po 
is the relativistic velocity, with c denoting the speed of light and yo = \Jc 2 + \y\ 2 . 
The molecular rest-mass is set to unity and the convention for the signature of 

Minkowski's metric is (H ), so that po=p°. Finally, Q YC \ is the relativistic 

collision operator defined by 

Qrel(f,g)= [ [ )Co(p,q^)[f(j/)g(q , )-f(p)g(q)]du ) dq. (1.2) 
Jr* Js 2 

In the previous definition, p' ,q' are the momenta after the elastic collision of two 
particles with pre-collisional momenta p,q. These quantities are subjected to the 
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conservation of momentum and energy, which read 



p + q=p' + q', S c (p) + S c (q) = S c ( P ')+£ c (q'), £ c (y)=cy Q . (1.3) 
A solution of i|1.3|) can be represented as 

p =p-a(p,q,uj)uj, q =q + a(p,q,u)uj, (1.4) 

where 

2(po + qo)[c~ 1 UJ-(p-q)}p () q 
a(p,q,u) = —, — ■ — — ; — / i M2 ■ 
[Po + qo) - [U)-{p + q)Y 

Using this representation, the relativistic collision kernel K, c takes the form 

v i \ ir i 2 , i\ (Po + qo) 2 \u-(p-q)\ n K , 

!C c (p,q,uj) = l6a(c z +2') 1.5 

[{pa+qo) 2 -{u-(p+q)rr 

g = -L(p Q q Q -p. q -C 2 ) 1 / 2 . (1.6) 

Here g is a Lorentz invariant defined so that — 2g is the relative momentum in the 
center of mass system and a denotes the differential cross section. In general a 
is a function of q and of a second Lorentz invariant quantity which in the center 
of mass system reduces to the cosine of the scattering angle of the collision. In 
this article the differential cross section is assumed to be constant. As usual, the 
local dependence on (t,x) in 1|1.2|) is omitted. This formulation of the relativistic 
Boltzmann equation for c= 1 is derived for instance in [SI [7]- We refer to [Tll3*ll5'HTU) 
for more background on the subject. 

In this paper, the solutions of (|1.1|1 will be directly compared to the solutions of 
the classical Boltzmann equation for hard spheres, which is 

0t/oo+P-V ;r / O o = Qcl(/oo,/oo), (1-7) 

where 

QM,g) = df f \LO-(p-q)\lf(p)g(q)-f(p)g(q)]dLodq. (1.8) 
Js. 3 Js 2 

The meaning of the various symbols in i|1.7fl is the same as in the relativistic 
case. The post-collisional momenta are now denoted by p,q, the conservation of 
momentum and energy take the form p + q = p + q and ^\p\ 2 + ^\q\ 2 — ^\P\ 2 + ^\q\ 2 
respectively, while the analogue of (|1.4|) in the classical case is 

p = p-LO-(p-q)uj, q = q + uj-(p-q)u. (1.9) 

The factor d in (|1.8|) is the differential cross section for hard spheres interaction, 
which is a constant with the same dimensions as a, namely [length] 2 . A standard 
mathematical reference for the classical Boltzmann equation is 0]. 

In this paper it is shown that there is a class of solutions to the relativistic 
Boltzmann equation which have a Newtonian limit, i.e., which tend to solutions of 
the classical Boltzmann equation (in the corresponding class) as the speed of light 
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goes to infinity. For this purpose, the speed of light will be treated as a parameter 
c > Co — where cq is a fixed and properly large positive constant — and the difference 
between the classical and the relativistic solution will be estimated as c-^+oo. 
(No loss of generality arises in letting Oco, since only the limit behaviour as 
c — > +00 is of interest here) . In order to obtain the correct Newtonian limit it is also 
necessary to relate the constants d and a in a proper way. From Q1.5[l it follows that 
fC c (p,q,u>) ^4a\u>- (p — q)\ as This leads to postulate the relation 4<r = d. 

By further choosing units such that d=l, the classical collision kernel reduces to 
\ui-(p — q)\, while the relativistic collision kernel becomes 



K-c (P,q,u = 2 {poqo-p-q + c )- ■ ^ — - — - 1.10) 



The precise formulation of the result will be now given. The conditions on the 
distribution functions mentioned in the theorem are introduced thereafter. The 
symbol T 3 denotes the three-torus and the norm || ||o,i is defined as follows: 

llff(*)llo,i= / \9(t,p)\ dp, \g(t,p)\ = sup \g(t,x,p)\. 



Theorem 1 Let foo(t) be a solution of jJ.7| ) which satisfies the properties 
(C1),(C2) and with initial datum G C 1 such that |V P /™| G L^K 3 ). Let f c (t) be 
a solution of depending on c > c , which satisfies the properties (Rl )-(R3) and 

with the c-dependent initial datum /™. Assume ||/™ — /^"llo.i = 0(c _1 ) as c^+00. 
Then 

Urn \\foo(t)-f c (t)\\ 0>1 =0, te[0,T}. 

c — >+oo 

The following notation will be used. Given two functions g and h on M" we 
write g < h if the estimate g < D/i holds for a positive constant £> independent of 
c> Co- The constant D may also depend on the length of some time interval [0,T], 
in which case we write g<h for [0,T]. Whenever necessary or convenient, the 
constant D will be recovered in the computations. 

The classes of solutions of the Boltzmann equations to be considered are defined 
by the following properties. In the classical case it is required that, in some interval 
[0,Ti], 

(CI) /coGCaO^xTSxM 3 ), 

(C2) 3a >0:f oo (t,x,p)<exp(~a \p\ 2 ),te[0,T 1 },xeT 3 ,peR 3 . 

In the relativistic case let f c denote a (one parameter family of) solution(s) of 
<|l.lll and require that, for all c> cq and in some interval [0,T C ], 

(Rl) / c eC([0,T c ]xT 3 xR 3 ), 

(R2) 3 0o > : f c {t , x,p) < exp [-/% [£ c (p) - c 2 )] , t G [0, T c ] , x G T 3 ,p G R 3 , 
(R3) T 2 :=mf c>Co T c >0. 
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Let us briefly comment on the above conditions. The existence of solutions to 
the classical Boltzmann equation satisfying the properties (CI), (C2) is proved in 
[5] — see also [21IH1 for questions concerning the global existence of such solutions. A 
similar argument applies to the relativistic Boltzmann equation to prove the local 
existence and uniqueness of solutions satisfying (R1)-(R3). A short sketch of the 
proof is given in section 3 to show that the property (R3) is satisfied. The latter 
is necessary for studying the Newtonian limit, since it assures that the existence 
interval of a solution of the relativistic Boltzmann equation does not shrink to zero 
as c— >+oo. The time T in theorem ^ is defined as the minimum between T% and 
T 2 . 

Note also that the assumption igT 3 allows one to neglect technical difficulties 
not related to the problem under discussion, such us the choice of boundary or 
fall-off conditions. The generalization of the result when x lies in a region of M 3 
with smooth boundary — or simply x £ R 3 — is not attempted here but it should not 
be too difficult. 

2 Proof of the main theorem 

The following lemma collects some estimates which are required in the proof of the 
main theorem. 

Lemma 1 The following estimates hold: 

(kl+bl) 3 



(a) \q'-q\ + \p'-p\<- 



< 



(i + bl + M) 



(b) \K c (p,q,uj)-\uj-(p-q)\\ 

(c) If JC c (p,q,u)exp[-f3 (£ c (q)-c?)]dudq<(l + \p\)- 
Proof: From 11. 4|) and 9fl we have 

W - q\ = \p'-p\ = \w(p-q)-a\ 

and a computation shows that 

u;-(p + q)(\p\ 2 -\q\ 2 + (^- P ) 2 -(u;-q) 2 ) Num 
ui ■ (p — q) — a = — : = — . 

V ' (p + q ) 2 ~ltu-( P + q)} 2 Den 

Moreover 



Den = 2c 2 + \p\ 2 + \q\ 2 + 2^/c 2 + \p\ 2 ^c 2 + \q\ 2 - (w -pf - {w ■ qf - 2(uj .p)(u ■ q) 

c 2 (c 2 + \p\ 2 + \q\ 2 ) 



>2c 2 + 2y?Wv^W-2Hk|>2 C 2 + ^=^-^=. (2.11) 

V c +\P\ V c 

In particular Den > 2c 2 and since Num < (\p\ + |g|) 3 , the estimate (a) is proved. Next 
from l|1.10[l we have 



\fcc(p,q,w)-\v-(p-q)\\ 



< 



2(p Q q Q -p-q + c 2 )(p Q + q ) 2 (uj-p~uj-q) 

u)-(p-q) 



l(po + qo) 2 -(u-(p + q)y 
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< 



UJ-p\ 



2c(p a qa - p ■ q + c 2 ) (p + q ) 2 



Po[(Po + qo) 2 -(u-(p + q)) 2 



1 



+ (q^p), 



(2.12) 



where (q <-> p) denotes the expression obtained by exchanging p and q in the first 
term. Recall the definition of "Den" in l|2.11(l . The first term in H2.12(l is estimated 
as 



\p\ 



2c(p q Q + c 2 )(p + q ) 2 -2cp-q(p + q ) 2 -p {p + q Q ) 



po(Den) 2 

-pa [U ■ (p + q)} 4 + 2p Q (p Q + q ) 2 [uj-(p + q)} 2 
\P\ 



< 



po(Den) 5 



(p +q Q y{2cp qo + 2c 3 -p 6 -poq$ - 2p 2 q )+c- i (l + \p\ + \q\)- 



Here po(Den) 2 > 4c 5 and so to prove (b) one needs to estimate only the expression 
containing the fifth order powers of c, which is given by 



"Pip, q) = (Po + Qo) 2 [2cp <?o + 2c 3 -pi -poq 2 ~ 2Pq9o] ■ 



We have 



Using that 



\V{p,q)\ ^ (l + H + M) 2 



Po(Den) 



2cpo9o + 2c 3 -pi -poql - 2p 2 q \ 



2cp <7o - 2p g 



2 _2^ 
c+Po 



c 3 -Po9o = c 2 (c-p )-c\q\ 2 (l + \p\) 
C 2 (c 2 -P 2 ) , , |2 



< 



c+Po 



+ c\q\ 2 (l + \p\)<c(\p\ 2 + \q\ 2 )(l + \p\), 



c'-pg^ 1-1 



\P\' 



2\ 3/2N 



<c(l + |p|) e 



and repeating the argument for the second term in (|2.12|) concludes the proof of 
(b). To prove (c) consider the following pointwise estimate on K. c : 

Kc ~ (Den) 2 ( p o +go + 2 Pogo)(bl/po + lgl/go) 



< 



(Den)< 



[\p\pfaa + \p\qo +2\p\PQql +plk\ + Po\q\ql + 2p 2 q \q\} 



< 



(Den) 2 

From p.llfl it follows that 



(i + H)(i + M 2 ) 3/2 1 + 



Den > c' 



yi+\ P \ 2 /c 2 
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Moreover, since y/c 4 + c 2 \q\ 2 - c 2 > \ + \q\ 2 - 1), then 



e X p[-/3 (£ c (q)-c 2 )]<exp[-^y/lTW} (2-13) 



and so 



JC c (p,q,u)e-^ £ ^-- c ^diodq<(l + \p\) J (1 + \q\ 2 f' 2 e~^ V^^dq, 
by which the claim follows. □ 

Remark 1 The simple estimate H2.18I) will be often used in the sequel for the 
same purpose as in lemma 1, i.e., to obtain an estimate independent of c > Co of the 
integrals containing the factor exp [— (3o(£ c (q) — c 2 )] ■ 

In the class of solutions that we are considering, the distribution functions satisfy 
the Boltzmann equations in the mild form: 

f c {t,x,p) = f c n {x-pt,p)+ [ Q lcl (s,x+p(s-t),p)ds, (2.14) 

Jo 

f 00 (t,x,p) = f£(x-pt,p)+ f Q c i(s,x+p(s-t),p)ds. (2.15) 

Jo 

We use this representation to estimate the following quantity: 

F n [f oo] = I sup |/oo(p + /i)-/oo(p)|odp, V>0- 

J \h\<v 

Lemma 2 For all riQ,T>0, r\ £ [0,770] and tE [0,T], there exists a positive constant 
C = C(T,r]Q,ao) such that 



F v [fco]<Cy/F v \fS,]. 

Proof: By ifOjl . 

Qci(/oo,/oo)(7J + fr) = ^ \u ■ (p- q)\[foo(P+ h)f ocl (q + h) - f OD (p + h)f OD (q + h)]dujdq. 

Therefore by QUfy . 

|/oo(p + ft)-/oo(p)|o<|/£(p + ft)-/£(p)|o 

I w ' (p - 1) 1 1 /oo (q) |o I /oo (p + ft) - /oo (p) lodwdgds 

I w • (p - q) 1 1 /oo (q) 1 1 /oo (p + ft) - /oo (p) 1 dwd?ds 

I w • (p - q) 1 1 /oo (p + ft) 1 1 /oo (g + ft) - /oo (?) I odudqds 

\u ■ (p ~ q) I l/oo (p + ft) |o l/oo (<7 + ft) - /oo (9) \odudqds. 



IQ 
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Hence changing to the post-collisional variables, 



Woo] <*",[/£] - 



•(p-?)l 



3 - Q ol?l 



sup |/oo(p + ft.)-/oo(p)|oda;dgdpds 



sup /// |w.(p-ft-g)|e aM \foa(q + h)- /„ (g) | du;dgdpds 

|fc|<J7« 



= F„[/£]+A+B. 
For i? > we write 



A< / / (l + N)sup|/ oo (p+ft)-/ oo ( P )| d 1 xia 

+ / / (l + H)cxp[-a (|p| 2 -27 ? |p|)]dpd S 
Jo J\p\>R 

<(1 + R) [ F n [f 0O ](s)ds + Ce- a ° R2 / 2 . 
Jo 

The estimate for B is obtained in the same way, 

B<[1 + (#+%)] / FnifMds+Ce-" * 2 / 2 . 
Jo 

Hence finally, 

F v [U (t) < F n [/£] + Ce~ a ° R2 ' 2 + [1 + (R+r,o)] [ F v [U (s)ds 

Jo 

Choose R such that e~ a ° R2 ' 2 = {l + F Vo [f™])- 1 F n [f™], so that 

F v [foo] (t) < Ce~ a ° R2 ' 2 + [1 + (R+ no)] f F n [U] (s)ds. 

Jo 

Hence, by the Gronwall Lemma, 



F v [foo}(t) < Cexp 



a R 2 



+ {R + Vo)t 



< Cexp ( - — I sujx'xj) 



< 



Cexp 



4 J R II 

a Q R 2 



a R 2 



(R+Vo)T 



= CjF v lf« 



□ 



Note also that for an initial datum as given in theorem^Jthe estimate F v [/™] < r\ 
holds. Then lemma [21 implies 

F n [f oc]<Vv- (2-16) 
The next goal is to estimate the difference Q ro i — Q c \ in the norm || 1 1 o, l - 



Lemma 3 The following estimate holds: 



||Qrd(t)-Qci(i)||o,i < c-^logcf^ + exp -/3 (Vc 4 + c 2 logc-c 2 ) 



+ exp [-ao log c] + yiogc| | foe (t ) - f c (t ) 1 1 o, i • 



Proo/: From !|1.2|) and JTHJl, 



||Qrol(*)-Qcl(*)llo,l < 



V ■ (P - I) I [/oo (p) /(»(?)- /oo (p)/oo (9)] 



dwdqdp 



'|p|+kl<Viogc |p|+kl>\/iogc 

Observing conservation of energy and using (c) of lemma ^ the integral in the 
exterior region is dominated by 



W+kl>Viogc 



|p|+kl>Viogc 



[-po{£c(p)+£c{q)~2c 2 )] dujdqdp 



■ {P~q)\exp[-a (\p\ 2 + \q\ 2 )dpdujdqdp 



< 



exp 



-Poiy/ct + c 2 logc-c 2 ) +exp(-a logc) 
For the integral over the interior part consider the splitting 

■••<I + II+...VIII, 



|p|+kl<VTogc 



where 



|p|+|9|<Vlogc 



|/c(p)|o|/c(?)|o \v(p-q)\-K 



duidqdp, 



11 = 



|p|+l9l<Vlogc 



l/oo(p)|o|/oo(g)|o \u)-(p-q)\-K 



dtudqdp, 



111= /// _|w-(p-g)||/oo(p)|o|/oo(«)-/c(g)|od«d g dp, 

tV= /// _|w(p-«)||/ c (g)|o|/oo(p)-/o(p)|odwdgdp, 
'\p\+\q\<V^sS 

V= /// __/C c |/ c (p')|o|/ c (g')-/oo(g')lod^dgdp, 

'H+|g|<-v/I5gS 



VI = 

VII = 
VIII 



|p|+lsl<Vi°gc 



£c |/c (p' ) 1 l/oo (?') - /oo (g) |o dwdqdp, 



£ c I /oo (g) |o |/c(p') - /oo (p') 1 dudqdp, 



\p\ + \q\<Vfcg£ 



|p|+kl<Vi°gc 



I foe (g) 1 1 /oo (p' ) - /oo (p) I odwdgdp. 



It follows directly from the estimate (b) of lemma ^ that 

I + II<£T 2 . 
The integral III and IV satisfy the estimate 

m+IV< / _(l + M)|/o (g)-/c(g)|odg<(l + V ^)ll/oc(i)-/c(i)||o,i- 

In the integral V we change to the post-collisional variables. Since IC c (p,q,Lo)dqdp- 
K, c (p',q',uj)dq'dp' and, by lfT3)). \p'\ + \q'\ < 4y1ogc for \p\ + \q\<^/\ogc, then 



V < /// _^o(p,g,a;)|/c(p)|o|/o(g)-/oo(g)|o|dwdgdp 

JJj\p\ + \q\<iV^i^ 
< V^I|/oo(*)-/(*)||0,l- 

For the integral VI we have, by the estimate (a) of lemma ^ lemma [3] and l|2.16|l . 

VI < fff JC c \f c (p% sup |/ o(g , +/»)-/oo(« , )|odwdgdp 

JJJ\p\+\q\<V^iZ i /lK (i° 8 c) 3 / 2 

< /// Kce-Wto-*) sup l/oo^ + ^-Zoo^lod^dqdp 

JJJ |p|+|g|<4Vlogc i^i^ dogc) 3 / 2 



< 



(1 + kl) sup \foo{q + h)-f 00 (q)\o<yf^cF<^M2[f< > 

|g|<4v^ | h |< (l°gej 3 / 3 3 



< c 1 (logc 



.5/4 



It is now straightforward to estimate VII and VIII, therefore we merely state the 
result: 

VII + VIII < c- 1 (logc) 5 / 4 + V^||/oo(t) - /(*) || 0il . 
Collecting the various bounds the claim follows. □ 
The proof of theorem H is now almost complete. From H2.14f and (|2.15(l we have 

||/c(i)-/oo(i)||o,i<||^ n -/^||o,i+ I ||Q re i(s)-Qci(s)||o,i. 

Jo 

Using lemma [3] and applying Gronwall's inequality one obtains, for is [0,T] 

||/c(*)-/oc(Ollo,i<||/r-/Sllo,ie D ^ + c- 1 (logc) 5 / 4 e D ^ 
+ exp 



-A) V c4 + c 2 logc + /3 c 2 + £>Vl°g c + CX P -aologc + D-\/log 

The expression in the right hand side tends to zero as c — > oo and this concludes the 
proof of theorem ^ 
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3 Existence in a uniform short time interval 

The equation to be studied reads explicitly 

f c (t,x,p)=f™(x-pt,p) + f [QUfcJc)-Q; cl (fcJc)}(s,x-p(t- s ) lP )ds, (3.17) 

Jo 

where Qi and Q~ c i refer to the gain and loss part of the relativistic collision operator 
<|1.2fl . respectively. Given two functions uo(t) and lo(t), the approximation sequences 
{u n }n>o, {l n }n>o are defined recursively by 

l n+ l(t,X,p) = f c n (x-pt,p)+ / [Q+ 1 (l n ,l n )-Q7 e li l n+l,U n )}(s,X-p(t-s),p)ds, 

Jo 

u n+1 (t,x,p) = f™(x-pt,p)+ / [Q+ el (u n ,u n )-Q~ el (u n+ i,l n )](s,x-p(t-s),p)ds 

Jo 

and as in lemma 5.1 in |U] one can prove the following 
Proposition 1 Assume the beginning condition is satisfied: 

0<l o (t) < h(t) < ux(t) < u (t); (3.18) 
then < l n {t) < l n +i(t) < u n +\{t) < u n (t) for all n > 0. 

Next assume that uo ^exp[— (3o(£ c (p) — c 2 )]; it follows by the previous proposition 
that u n j l n are also dominated by exp[— [3o(£ c (p) — c 2 )]. Moreover l n (t) f l(t), u n (t) I 
u(t) and |u(t)|,|2(t)| <exp[— [3o(£ c (p) ~ c 2 )}. All these preliminary facts are valid for 
any collision kernel. When the latter is given by ll.lOfl one can also prove that i) 
u(t) = l(t) and ii) the limit is a continuous solution of (|3.17|) . The second statement 
is an obvious consequence of the first one, so only the proof of i) will be given. By 
the dominated convergence theorem, u(t),l(t) satisfy 

l{t,x, P ) = f c n {x~pt,p)+ f [Q+^-Q^u^x-pit-s)^, 
Jo 

u(t,x,p) = f c n (x-pt,p) + / [Q+ el (u,u)-Q~ el (u,l)](s,x-p(t-s),p)ds. 

Jo 

Estimating the difference u(t) — l(t) in the norm || ||o,i and using (c) of lemma[I]wc 

get 

IK*)-K*)llo,x < J J (i + \p\)Hs,p)-i( s ,p)\ Q dpds 

< f f (l + \p\)\u( S ,p)-l( S ,p)\ Q dpd S 
Jo J\p\<R 

+ 11 (l + H)exp[- / 3 (v / c 4 + c 2 H 2 -c 2 )]dpd S 

Jo J\p\>R 

< (1 + R) fwu^-^W^+te-^^^-^. 

Jo 
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Hence by Gronwall inequality 

|Kt)-Z(i)l| ,i<te*exp 



2 



for some constant D independent of the speed of light. For t£[Q,T] and c> 
Vl8DT//3 :=cq, this implies 



\\u{t)~l(t)\\ s<e ( - DTR \ fori?> 



12DT 



and so the claim u(t) = l(t), for [0,T] and Oco follows by letting i?^+oo. 

It remains to show that the beginning condition l|3.18|l is attained in some inter- 
val [0,T C ] satisfying the property (R3) (indeed it will be shown that T c is independent 
of c> 1). Following ,9, we choose Iq = and uo(t) of the form 

u (t)=oj(t)e-^ e ^- c2 \ 

where (3 and ui are positive functions and (3(0)— /3q. We also set u)q=u>(0). Then 
ui are l\ are given by 



h(t,x,p) = f™(x-pt,p)exp 



ui(t) // K c (q,p,u)e 



-ml£c{q)-c 2 ] 



duidq 



Ui{t,X,p) = fJ 1 {x-pt,p) + J uj(s) 2 jj K c {q,p,uj)e-^ £ ^ +£ ^~- 2c Idwdqds. 
Hence < l\ (t) < U\ (t) . Moreover 

ui(0) - uo(0) = f c n - uj Q e- M£ " {p) - c2] < e -^I £ <=(P )" c2 ] - Lu e-M £ ^- c2 } < 0, 
for ujq large enough and 
d 



— [u^x+pt^-uo&x+ptip)] < \d(1 + \ P \)u 2 -lu + uo[3(^c a + c 2 \ P \ 2 -c 2 ) 

xexp[-/3(i)(f c (p)-c 2 )], 

where an upper dot has been used to denote differentiation in time. Hence the proof 
of l|3.18[l is complete if one can choose ui,(3 such that 



Let 



L>(l + |p|)cj 2 -tj + a;/3( v / c 4 + c 2 |p| 2 -c 2 )<0. 



UJn 2 



(3.19) 



so that w = 3Dw 2 and /3 = -2Dw. Here ie[0,T], where T= (<oDuj a )- l (l- e'^^) 
so that w and (3 are well-defined positive functions in [0,T]. In this way, the left 
hand side of i|3.19[l is dominated by —Duj 2 < and this concludes the proof of the 
following 
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Theorem 2 Let /* n E C(T 3 x W. 3 ) such that f> n <exp[-f3 (£ c (p) - c 2 )}. There ex- 
ist cq,T>0 such that for all c>Cq, the relativistic Boltzmann equation, eq. if-?.l|) 
with JC c (p,q,uj) given by \1.5)) and initial datum f™, has a unique solution /G 
C([0,T]xT 3 xl 3 ) which also satisfies f < exp[— (3q(£ c (p) — c )]; in particular the 
class of solutions satisfying (Rl)-(RS) is not empty. 
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